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It is well known that in estimating performance measures associated with a stochastic system a
good importance sampling distribution (IS) can give orders of magnitude of variance reduction while
a bad one may lead to large, even infinite, variance. In this paper we study how this sensitivity of the
estimator variance to the importance sampling change of measure may be “dampened” by combining
importance sampling with stochastic approximation based temporal difference (TD) method. We
consider a finite state space discrete time Markov chain (DTMC) with one-step transition rewards
and an absorbing set of states and focus on estimating the cumulative expected reward to absorption
starting from any state. In this setting we develop sufficient conditions under which the estimate
resulting from the combined approach has a mean square error that asymptotically equals zero
even when the estimate formed by using only importance sampling change of measure has infinite
variance. In particular, we consider the problem of estimating the small buffer overflow probability
in a queuing network, where the change of measure suggested in literature is shown to have infinite
variance under certain parameters and where the appropriate combination of IS and TD method
can be empirically seen to have a much faster convergence rate compared to naive simulation.

Categories and Subject Descriptors: G.3 [Probability and Statistics]: Probabilistic algorithms
(including Monte Carlo); I.6.0 [Simulation and Modeling]: General; I.6.1 [Simulation and
Modeling]: Simulation Theory

General Terms: Algorithms, Performance, Theory

Additional Key Words and Phrases: Importance sampling, temporal difference methods, rare
events, stochastic approximation, Markov chains, variance reduction

1. INTRODUCTION

The importance sampling (IS) variance reduction simulation techniques have
been successfully used to estimate extremely small probabilities for certain
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stochastic systems used to model communication networks, insurance pro-
cesses, financial systems and reliability systems (see, e.g., Heidelberger [1995]
for a survey, and Glynn and Iglehart [1989] and Juneja [2003] for an introduc-
tion). These techniques involve simulating the system under a new probability
measure and then appropriately unbiasing the resultant output by weighing
it with the likelihood ratio (ratio of the original and the new probability of the
generated sample path). Under the importance sampling techniques, the selec-
tion of a good probability measure is critical as a wrong selection may lead to
large, even infinite, variance (see, e.g., Glasserman and Wang [1997], Juneja
and Shahabuddin [2001], Andradottir et al. [1995]). This drawback of the IS
techniques has restricted their application to systems with a special structure
such as highly reliable systems and simple queuing systems where the efficacy
of the proposed IS measure is explicitly proved.

Significant literature has appeared in the last few years analyzing stochas-
tic approximation-based simulation techniques such as the temporal difference
(TD) methods to approximately solve for performance measures associated with
Markov chains and more generally with Markov decision processes (see, e.g.,
Sutton [1988], Bertsekas and Tsitsiklis [1996], Sutton and Barto [1998]). From
a classical simulation viewpoint, in the Markov chain setting the temporal dif-
ference methods may be regarded loosely as an instance of the control variates
method where multiple controls are involved and the weights assigned to the
controls are declining geometrically. The key difference is that, unlike in the
classical settings, here the controls have mean zero only asymptotically (see
Section 2 for further discussion on this).

In this paper we show that by suitably combining the TD methods with the
IS techniques we get algorithms that converge to the correct solution almost
surely and have asymptotically zero mean square error under a large class
of importance sampling distributions, including those that may give infinite
variance when applied alone. As pointed out in Glasserman and Wang [1997],
Juneja and Shahabuddin [2001], and Andradottir et al. [1995], an importance
sampling distribution leads to large variance in Markov chain settings as the as-
sociated likelihood ratio may increase geometrically as a function of the length
of the generated path for some set of sample paths. A key feature of our ap-
proach is that we use the TD method to assign geometrically declining weights
as a function of the length of the generated path to overwhelm a geometrically
increasing likelihood ratio due to importance sampling.

We focus on a stochastic system modeled as a finite state space discrete
time Markov chain (DTMC) with one-step transition rewards and an absorbing
set of states. Our interest is in estimating the expected cumulative reward
to absorption starting from any state. Note that by exploiting the regenerative
structure of the Markov chain the problem of estimating steady-state measures
can also be reduced to that of estimating cumulative reward till regeneration
starting from the regenerative state (see, e.g., Crane and Iglehart [1975]).

In the stable Jackson network setting where each queue has a single server,
the problem of efficiently simulating the probability that, starting from an
empty network, the total queue length exceeds a fixed large amount before the
network re-empties is an important problem that has been extensively studied.

ACM Transactions on Modeling and Computer Simulation, Vol. 14, No. 1, January 2004.



Combining Importance Sampling and Temporal Difference Control Variates • 3

For conciseness we refer to this probability as POverflow. Parekh and Walrand
[1989] developed a heuristic for identifying the IS change of measure (by solv-
ing a nonlinear program) for estimating this probability in general queuing
networks based on insights from large-deviations theory (see, e.g., Dembo and
Zeitouni [1992] for an introduction to large-deviations theory). For notational
brevity it will be useful to refer to this heuristic change of measure as P&W
change of measure. Frater et al. [1991] explicitly determined this change of mea-
sure in the Jackson network setting and justified it by using time reversibility
arguments. Glasserman and Kou [1995] studied the performance of the P&W
change of measure in estimating POverflow for two Markovian queues in tandem.
They identified a range of parameters for which this change of measure works
well and also where it fails (i.e., gives large variance). In this paper we also note
that in a similar two-queue example, if feedback is allowed, then for certain pa-
rameter values this heuristic leads to an estimator with infinite variance.

Specifically, the contributions of this paper include the following:

(1) In a finite state space Markov chain setting, we develop sufficient conditions
under which the importance sampling distribution when applied alone to
estimate the expected total reward till absorption leads to infinite variance.
To demonstrate its use, we consider the problem of estimating POverflow for a
two-queue system with feedback and show that under certain parameters
the P&W change of measure satisfies these sufficient conditions and hence
has infinite variance.

(2) We then show how the temporal difference methods may be combined with
importance sampling (the combination is referred to as the TDIS method;
we also propose an improvement over straightforward combination referred
to as the Improved TDIS or the ITDIS method) and develop sufficient condi-
tions under which, from each state, the estimator of the expected cumulative
reward till absorption using the combined approach converges with proba-
bility 1. In addition, we show that asymptotically (as computational effort
increases to infinity) the estimator has zero mean square error. In partic-
ular, it follows from our analysis that a suitable combined method may be
devised to estimate POverflow that uses the P&W change of measure and
has asymptotically zero mean square error under every set of parameters
under which the Jackson queuing network is stable.

(3) Empirically, through a small two-queue network example, we show that
the combined technique converges to the correct estimate at a much faster
rate compared to the naive simulation as well as the temporal difference
methods. We further show that the combined technique is relatively dis-
tribution insensitive, that is, even if the change of measure is somewhat
different from the P&W change of measure, convergence at a fast rate is
observed as long as the event of interest is no longer rare under the new
change of measure. This is a promising observation as it suggests that the
combined approach may have greater applicability compared to importance
sampling. In particular, the sophisticated analysis that is typically needed
to come up with a good change of measure under importance sampling may
not be needed as the combined approach may work well even with any
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change of measure that sufficiently emphasizes (assigns high probability)
the most likely paths to the rare event.

We mentioned earlier that the temporal difference methods have been used
in the existing literature to solve Markov decision processes (MDP). Often, this
involves fixing a policy in an MDP and estimating the cumulative reward till
absorption from every initial state in the resulting Markov chain using the
temporal difference methods. This suggests that the ITDIS methods developed
in this paper for Markov chains are potentially useful in solving MDPs, partic-
ularly if the performance measure of interest involves rare events.

Glynn and Iglehart [1989] suggested that the stochastic approximation
methods may be used to converge to the optimal importance sampling change
of measure for estimating probabilities of rare events. This idea has been fur-
ther analyzed in a number of papers (see, e.g., Rubinstein [1997, 1999]). Our
approach differs in that we consider a fixed change of measure (for example,
based on some heuristic such as the P&W change of measure) and show that,
when this measure is used in conjunction with a suitable stochastic approxi-
mation based simulation technique, convergence is assured.

In a recent paper, Precup et al. [2000] also discussed combining the TD meth-
ods with the importance sampling techniques. They proposed a number of al-
gorithms and proved that the proposed estimators are consistent. However,
unlike in this paper they did not focus on convergence analysis of the variance
and the mean square error to aid in identifying good and bad combinations of
the importance sampling and the temporal difference methods.

In Section 2 we develop the finite state Markov chain framework and briefly
review the temporal difference method in this setting, emphasizing its relation
to the control variate techniques. The importance sampling techniques are re-
viewed in Section 3. In this section we also develop sufficient conditions under
which the IS change of measure results in infinite variance. Furthermore, in
Section 3 we also discuss an example of a small queuing network with feedback
and show for this example that the P&W change of measure results in infinite
variance under certain parameters. In Section 4 we discuss how the temporal
difference methods may be combined with importance sampling and state our
main result. In Section 5 we discuss the results of the simulation experiments
conducted. Finally, in Section 6 we discuss potential drawbacks of this work
and a possible opportunity to address these.

We prove our main result by viewing the proposed algorithms in the stochas-
tic approximation (SA) framework and then applying the standard convergence
results from the SA theory. To maintain the flow of the exposition, a brief review
of the relevant SA convergence results and the proof of our main result (which
uses these convergence results) are given in the Appendix.

2. MATHEMATICAL FRAMEWORK AND TEMPORAL DIFFERENCE
CONTROL VARIATES

Let (X n : n ≥ 0) be a DTMC where each X n takes values in a finite state space
S. Let P = (pxy : x, y ∈ S) denote the transition matrix of the Markov chain.
Let G = (g (x, y) : x, y ∈ S) denote the one-step rewards associated with each
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transition. Let A ⊂ S denote the set of absorbing states. Let I = S − A denote
the set of interior states. Thus, pxy = 0 for x ∈ A and y ∈ I, and also g (x, y) = 0
for x ∈ A. We make the following mild assumption:

ASSUMPTION 2.1. There exists a distribution µ with support I such that the
Markov chain with transitions governed by P for states in I and governed by µ

for every state in A is irreducible.

This assumption ensures that the set A is reachable from any state in I,
that is, for every state x ∈ I, there exists a state y ∈ A such that there exists
a path of positive probability connecting x to y . Let τ = inf{n : X n ∈ A}. Note
that τ is a stopping time, that is, {τ = n} is completely determined by observing
(X 0, X 1, . . . , X n). Let P denote the probability measure induced by the transi-
tion matrix P and let E denote the expectation operator corresponding to P.
We consider the problem of estimating the “value function” J = (J (x) : x ∈ I),
where each J (x) denotes the expected cumulative reward gained by the Markov
chain till absorption starting from state x. Specifically,

J (x) = Ex

[
τ−1∑
n=0

g (X n, X n+1)

]
, (1)

where the subscript x denotes that X 0 = x. We set J (x) = 0 for x ∈ A.

2.1 Temporal Difference Control Variates

Under the Monte Carlo method each J (x) is estimated by taking an average of
independent identically distributed (i.i.d.) samples of

∑τ−1
n=0 g (X n, X n+1) with

X 0 = x (we refer the reader to Bertsekas and Tsitsiklis [1996] for a discussion
on how a single simulated sample path may be used to generate such samples for
all the states visited in that path, and some nuances that need to be considered).
Recall that for m ≥ τ ,

∑m
n=τ g (X n, X n+1) + J (X m+1) = 0. Thus, for each m

m−1∑
n=0

g (X n, X n+1) + J (X m) (2)

is an unbiased estimator of J (x) ( for m ≥ τ , it equals the Monte-Carlo estimate).
In fact, phrase (2) is the m-step conditional expectation of

∑τ−1
n=0 g (X n, X n+1)

conditioned on (X 0, X 1, . . . , X m). The temporal difference methods consider a
convex combination of these estimates where the weights assigned to each com-
bination are declining geometrically at rate λ (0 ≤ λ ≤ 1). Specifically, consider
the random variable

(1 − λ)
∞∑

m=1

λm−1

[
m−1∑
n=0

g (X n, X n+1) + J (X m)

]
.

This is easily seen to be an unbiased estimator of J (x). Changing the order of
summation, this can be seen to equal

∞∑
n=0

λn g (X n, X n+1) + (1 − λ)
∞∑

m=1

λm−1 J (X m), (3)

ACM Transactions on Modeling and Computer Simulation, Vol. 14, No. 1, January 2004.



6 • R. S. Randhawa and S. Juneja

which after simple manipulations can be seen to equal
∞∑

m=0

λm Dm + J (x),

where Dm denotes g (X m, X m+1) + J (X m+1) − J (X m). It follows that

Ex

( ∞∑
m=0

λm Dm

)
= 0. (4)

It is also easily seen that Ex(Dm) = 0 for x ∈ I . To see this, note that

J (X m) = Ex[g (X m, X m+1) + J (X m+1)|(X 1, . . . , X m), m < τ ] almost surely

and hence Ex[Dm|m < τ ] = 0 almost surely. Also note that Ex[Dm|m ≥ τ ] = 0
almost surely trivially as J (x) = g (x, y) = 0 for all x ∈ A. Each Dm may be
defined as a step m temporal difference control variate.

The TD methods exploit the relationship in Equation (4). Note that gener-
ating Dm via simulation requires the knowledge of J (X m) and J (X m+1), which
are typically a priori not known. The TD methods use the stochastic approx-
imation framework to update the estimates of J (x) for each x ∈ I along a
generated sample path. These estimates are then used to generate estimates
of Dm. The TD methods are a family of algorithms parameterized by 0 ≤ λ ≤ 1.
For a given λ, the TD(λ) algorithm is as follows (below, let Ft denote the infor-
mation corresponding to all the random variables generated before iteration t
is initiated):

(1) Select initial estimates (J0(x) : x ∈ I) arbitrarily (e.g., J0(x) = 0 for x ∈ I).
Set t = 0.

(2) At any iteration t, select X 0,t using a distribution µ guaranteed by As-
sumption 2.1 and using simulation under P generate random variables
(X 1,t , . . . , X τt ,t) of the Markov chain till absorption, where τt denotes the
first time the absorbing set A is hit (through simulation one generates
realizations of collections of random variables (rv), not random variables;
however, we abuse the convention and use rv to denote the resulting real-
izations in the algorithm to avoid unnecessary extra notation).

(3) For each state x visited for the first time at the transition n of the generated
random variables (that is, X n,t = x, and X j ,t �= x for j < n), the value
function is updated as follows:

Jt+1(x) = Jt(x) + γt(x)
τt−1∑
m=n

λm−nDm,t , (5)

where (γt(·) : t ≥ 1) are the nonnegative step-size parameters satisfying the
usual conditions of decreasing step-sizes in stochastic approximation liter-
ature, that is,

∑∞
t=0 γt(x) = ∞ and

∑∞
t=0 γ 2

t (x) < ∞ almost surely for each x
(they may depend upon Ft), and Dm,t equals g (X m,t , X m+1,t)+ Jt(X m+1,t)−
Jt(X m,t) (it is a sample of appropriate Dm and may be biased as the vector
Jt may be a biased estimator of vector J ). Note that if a state is visited
multiple times, this update is performed only once corresponding to the
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first visit. For all states x not visited by the generated sequence of random
variables set Jt+1(x) = Jt(x).

(4) Set t = t + 1 and repeat step 2.

Let t(x) denote the number of visits to state x up till iteration t. Suppose
that γt(x) = 1/t(x), J0(x) = 0, and λ = 1. Further, suppose that x is visited at
transition n during iteration t for the first time in this iteration. Then, Jt+1(x)
equals the average of t(x) i.i.d. samples of total cumulative rewards till absorp-
tion starting from state x, that is, the TD method is similar to the usual Monte
Carlo method of estimating J (x). To see this, note that in this case, given that
X n,t = x,

τt−1∑
m=n

λm−nDm,t =
τt−1∑
m=n

g (X m,t , X m+1,t) − Jt(X n,t),

and thus

Jt+1(x) = Jt(x)(t(x) − 1) + ∑τt−1
m=n g (X m,t , X m+1,t)

t(x)
.

Through an inductive argument it follows that Jt+1(x) is an average of t(x) i.i.d.
samples of the total cumulative rewards.

The update procedure shown in Equation (5) is referred to as the off-line
update procedure as the complete sample path at time t is generated and then
the update is performed for all the states visited along the path. In this paper,
we focus on these off-line methods due to the relative simplicity of analysis.
We refer the reader to Bertsekas and Tsitsiklis [1996] for a discussion on very
similar and more efficient on-line updating methods and also for the proof of
convergence of the above algorithm.

Typically, under the TD(λ) method, empirically it is observed that there exists
an optimal λ∗ between 0 and 1 such that the TD(λ∗) method performs better
than the TD(λ) methods for λ �= λ∗. In particular, the greater the difference
|λ − λ∗| the greater the performance improvement of the TD(λ∗) over the TD(λ)
methods (see, e.g., Singh and Dayan [1998]). Thus, it may perform significantly
better than the Monte Carlo or the suitable TD(1) method.

Remark 2.2. In Heidelberger [1980a, 1980b, 1977] and Andradottir et al.
[1993], the problem of estimating the total cumulative reward in a regenerative
cycle is considered in an irreducible finite state Markov chain setting (this is
useful in estimating the steady state average reward via the regenerative ratio
representation). They used different types of m step conditional expectations
as control variates to help speed up the simulation. Specifically, suppose again
that g (·, ·) denotes one-step rewards, x is the regenerative state, and τ̃ denotes
the time to return to state x. In this setting they considered the problem of
estimating Ex(

∑τ̃−1
n=0 g (X n, X n+1)). The essential idea is that in many cases it

may be feasible to cheaply numerically compute m-step conditional expectation
E(g (X m, X m+1)|X 0 = x) for all x. It can be seen from Heidelberger [1980a] that

Ex

(
τ̃−1∑
n=0

g (X n, X n+1)

)
= Ex

(
τ̃−1∑
n=0

E(g (X n+m, X n+m+1)|X n)

)
.
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Thus, for each m,
∑τ̃−1

n=0 E(g (X n+m, X n+m+1)|X n) provides an alternative estima-
tor of total reward in a regenerative cycle. Heidelberger [1980a, 1980b, 1977]
and Andradottir et al. [1993] also discussed how to determine the minimum
variance linear combination of these estimates and related techniques.

Note that while these techniques are different from the TD methods, it may
indeed be feasible to combine them with the TD methods (and with importance
sampling discussed later) by replacing each g (X m, X m+1) in the temporal dif-
ference control variate Dm by a suitable weighted average of g (X m, X m+1) and
(E(g (X m, X m+1)|X n) : n ≤ m). However, to maintain focus we do not explore
this idea further in this paper.

3. IMPORTANCE SAMPLING

Under the importance sampling techniques the Markov chain is simulated us-
ing a different probability distribution with transition matrix P ′ = (p′

xy : x, y ∈
S), which has the property that P is absolutely continuous with respect to P ′,
that is, for all x, y ∈ S, p′

xy = 0 implies pxy = 0. Let P′ denote the distribution
induced by P ′ and let Ē denote the corresponding expectation operator. Then
J (x) may be reexpressed as

J (x) = Ēx

[(
τ−1∑
n=0

g (X n, X n+1)

)
L(X 0, X 1, . . . , X τ )

]
, (6)

where

L(X 0, X 1, . . . , X τ ) =
τ−1∏
n=0

pX n,X n+1

p′
X n,X n+1

.

See Glynn and Iglehart [1989] for a detailed description. For brevity denote
rv L(X 0, X 1, . . . , X τ ) by L. In the ensuing discussion fix X 0 = x and suppress
x from the notation. Let K be a rv denoting the quantity

∑τ−1
n=0 g (X n, X n+1). As

mentioned earlier, J = E[K ].
Under importance sampling, the probability measure P′ is used to generate

i.i.d. samples (K1, L1), (K2, L2), . . . , (Kn, Ln) of (K , L) and the new estimator is
Ĵ P ′ = 1

n

∑n
j=1 K j ∗ L j . The variance σ 2(P ′) of the rv K ∗ L is given by

σ 2(P ′) = Ē[K 2 ∗ L2] − (Ē[K ∗ L])2 = Ē[K 2 ∗ L2] − J2. (7)

As the value of J is a constant, the variance is characterized by the sec-
ond moment Ē[K 2 ∗ L2]. Some notation is needed to examine the second mo-
ment term more closely. Let ω denote a generic realization of collection of rv
(X 1, X 2, . . . , X τ ). Let � denote the set of all such realizations. Let P (ω) and
P ′(ω) denote the probability of occurrence of ω under P and P′, respectively. Let
K (ω) denote the value of rv K along ω. Then,

Ē[K 2 ∗ L2] =
∑
ω∈�

K 2(ω)P2(ω)
P ′2(ω)

P ′(ω) =
∑
ω∈�

K 2(ω)P2(ω)
P ′(ω)

. (8)

The aim of importance sampling is to find an implementable P′ so that
this term is minimized or at the very least it is less than the second moment
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corresponding to naive simulation (i.e.,
∑

ω∈� K 2(ω)P (ω)). However, as men-
tioned in the Introduction, this is often not an easy task and carelessly chosen
P′ may in fact increase the variance.

To further illustrate this, in Assumption 3.1 in Section 3.1 we state sufficient
conditions under which the importance sampling estimator has infinite second
moment and hence infinite variance. In Section 3.2, these conditions are used
to show examples where the P&W measure leads to infinite variance in simple
Jackson network settings.

3.1 Sufficient Conditions for Infinite Variance

Let I (τ ≤ n) be an indicator function (it takes value 1 if the path to the absorbing
set is of length ≤n and takes value 0 otherwise). Note that Ē(K 2L2 I (τ ≤ n))
is a bounded quantity. To see this, let α = maxx, y

pxy

p′
xy

. This is finite due to the
finite state space of the Markov chain and since P is absolutely continuous with
respect to P ′. Similarly, c = maxx, y g (x, y) is finite. Then, since K I (τ ≤ n) ≤ nc
and LI (τ ≤ n) ≤ αn (note that α ≥ 1) we have

Ē(K 2L2 I (τ ≤ n)) ≤ (nc)2α2n.

Thus, infinite second moment may occur only if paths of unbounded length are
considered. In particular, in the finite state space setting it may result from
paths that have “cycles.”

A cycle is an ordered sequence of two or more states where the first and
the last state are identical (see [Juneja 2001] for application of the “cyclic
approach” to determine good IS distributions in some rare event settings).
Thus, a cycle may contain many cycles within it. A path connecting two
states is called a “direct” path if it does not include cycles. Consider a cycle
C = (x0, x1, x2, . . . , xn−1, xn) (i.e., x0 = xn). Let P (C) denote its probability under
the original probability distribution P, that is, P (C) = ∏n−1

j=0 px j x j+1 , and P ′(C)
denote the probability of cycle C under the new probability distribution P′, that
is, P ′(C) = ∏n−1

j=0 p′
x j x j+1

. Similarly, for any direct path D let P (D) and P ′(D)
denote the probability of the direct path under P and P′, respectively.

Any realization (x0, x1, . . . , xn) is referred to as probable if
∏n−1

j=0 px j x j+1 > 0. A
path or a cycle is said to belong to a set A if all states comprising them belong to
A. For any state y ∈ I, let Cy denote a collection of probable cycles in I whose
first and last states are y but which do not include y in the remaining states.
Note that there may be infinite number of cycles in Cy . To see this, suppose that
( y , a, y) and (a, b, a) are probable cycles for a, b ∈ I. Then, the cycles ( y , a, y),
( y , a, b, a, y), ( y , a, b, a, b, a, y), and so on all belong to Cy .

We make the following assumption regarding the Markov chain under con-
sideration:

ASSUMPTION 3.1. The following conditions hold:

(1) There exists a set W ⊂ A such that P(X τ ∈ W) > 0 and K ≥ δ for a constant
δ > 0 on the set {X τ ∈ W}.

(2) There exists a state y ∈ I and for some m there exist cycles (C j : j ≤ m) in
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Cy such that

∑
j≤m

P (C j )2

P ′(C j )
≥ 1.

(3) There exists a probable direct path D1 in I connecting the initial state x to
y and a probable direct path D2 in I connecting state y to a state in W.

LEMMA 3.2. Under Assumption (3.1), the estimator Ĵ P ′ has infinite variance.

PROOF. Let (nj : j ≤ m) denote a vector of nonnegative integers and let
n = ∑m

j=1 nj . Now consider a sample path ω comprising a direct path D1 to y ,
nj cycles C j for ( j ≤ m) in any order and a direct path D2 from y to a state in
W. For this sample path

P2(ω)
P ′(ω)

= P2(D1)P2(D2)
P ′(D1)P ′(D2)

∏
j≤m

(
P (C j )2

P ′(C j )

)nj

.

Note that, for each fixed n, we have n!
n1!n2!···nm! such distinct paths with n1 cy-

cles C1, n2 cycles C2, and so on, when all possible sequencing of the cycles
is considered. In particular, considering all such paths, for all ni such that
n1 +n2 +· · ·+nm = n and for all n ≥ 1, and noting that K ≥ δ along such paths,
we get

∑
ω∈�

K 2(ω)P2(ω)
P ′(ω)

≥ δ2 P2(D1)P2(D2)
P ′(D1)P ′(D2)

∞∑
n=1

∑
(
∑m

j=1 nj =n)

n!
n1!n2! · · · nm!

m∏
j=1

(
P (C j )2

P ′(C j )

)nj

(9)

= δ2 P2(D1)P2(D2)
P ′(D1)P ′(D2)

∞∑
n=1

(
m∑

j=1

P (C j )2

P ′(C j )

)n

, (10)

where Equation (10) follows as the last summation in Equation (9) is sim-
ply the multinomial expansion of (

∑m
j=1

P (C j )2

P ′(C j )
)n. Therefore, if

∑m
j=1

P (C j )2

P (C j ) ≥ 1,
the importance sampling estimator has infinite second moment and infinite
variance.

3.2 Examples of Infinite Variance in a Jackson Network

We now use Lemma 3.2 to show that the P&W change of measure may give in-
finite variance even in a simple two-queue Jackson network setting where feed-
back is allowed. Let (ν1, ν2) denote the arrival rates to queues 1 and 2, respec-
tively. Let (µ1, µ2) denote the service rates at queues 1 and 2, respectively. Let
(bij : i = 1, 2; j = 1, 2, e) denote the transition probabilities associated with this
queuing system, where bie denotes the probability that a customer leaving queue
i exits the system. Also, for i = 1, 2, let γi denote the total arrival rate to queue i.

Note that if Qin denotes the length of queue i at instant n of system state
change (due to an arrival or departure), then ((Q1n, Q2n) : n ≥ 0) is a DTMC
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taking values in the nonnegative quadrant. Let O denote a set containing a sin-
gle state (0, 0) and let R = ((x1, x2) : x1 + x2 = B; x1, x2 ∈ Z +), where Z + is a set
of nonnegative integers. Thus, in a stable queuing system (i.e., γi < µi, i = 1, 2)
O denotes an attractor set (set of state(s) visited frequently by the Markov
chain) while, for large B, R denotes a rare set. In this setting, efficiently esti-
mating the probability that, once the system becomes busy, it hits R before it
hits O is important as its efficient estimation is key to the efficient estimation
of the practically important steady state loss probability of an associated queu-
ing system (see, e.g., Parekh and Walrand [1989], Heidelberger [1995]) with a
common buffer of size B.

The estimation of this probability is incorporated in our framework as fol-
lows: the state space of the Markov chain S = ((x1, x2) : x1+x2 ≤ B; x1, x2 ∈ Z +).
The absorbing set A equals O ∪ R. Interior set I equals S − A. The one-step
rewards are g (u, v) = 1 if u ∈ I, v ∈ R, and g (u, v) = 0 otherwise. The starting
state is (1, 0) with probability ν1/(ν1 + ν2) or (0, 1) with probability ν2/(ν1 + ν2).
To see that condition 1 of Assumption 3.1 is valid in this setup, note that all
the paths starting from either (1, 0) or (0, 1) that hit R before they hit O have
a total reward equal to 1. Also note that condition 3 of Assumption 3.1 holds
trivially. In Examples 3.3 and 3.4 we list some parameters under which the
P&W change of measure gives infinite variance. In Example 3.3, condition 2
of Assumption 3.1 is satisfied with m = 1, while in Example 3.4 it holds with
m = 2. The equations used to compute this change of measure are taken from
Frater et al. [1991] and are listed in Section A.4 of the Appendix.

Example 3.3. Suppose that (ν1, ν2, µ1, µ2) = (0.09, 0.01, 0.77, 0.13). The
transition probabilities are (b11, b12, b1e) = (0, 0.05, 0.95) and (b21, b22, b2e) =
(0.9, 0, 0.1). The traffic intensities are ρ1 = 0.135 and ρ2 = 0.117 for the two
queues, respectively. Under the P&W change of measure, (ν ′

1, ν ′
2, µ′

1, µ′
2) =

(0.67, 0.07, 0.13, 0.13). The new transition probabilities are

(b′
11, b′

12, b′
1e) = (0, 0.26, 0.74),

and (b′
21, b′

22, b′
2e) = (0.985, 0, 0.015). The new traffic intensities are ρ ′

1 = 5.76
and ρ ′

2 = 0.79. For this system consider a probable cycle C = ((0, 1), (1, 1), (0, 1)).
For this cycle P (C) = 0.29 and P ′(C) = 0.079. Thus, P (C)2

P ′(C) = 1.07. Therefore,
Assumption 3.1 holds and from Lemma 3.2 it follows that the IS estimator has
infinite variance.

Example 3.4. Suppose that (ν1, ν2, µ1, µ2) = (0.06, 0.01, 0.79, 0.14) and let
the transition probabilities (b11, b12, b1e) = (0, 0.05, 0.95) and (b21, b22, b2e) =
(0.9, 0, 0.1). The traffic intensities are ρ1 = 0.0976 and ρ2 = 0.0967. Under
the P&W change of measure, (ν ′

1, ν ′
2, µ′

1, µ′
2) = (0.66, 0.1, 0.1, 0.14). The new

transition probabilities are (b′
11, b′

12, b′
1e) = (0, 0.33, 0.67) and (b′

21, b′
22, b′

2e) =
(0.99, 0, 0.01). The new traffic intensities are ρ ′

1 = 7.23 and ρ ′
2 = 0.9. Now

consider the cycles C1 = ((0, 1), (1, 1), (0, 1)) and C2 = ((0, 1), (1, 0), (0, 1)). For
these cycles, we see that P (C1) = 0.22, P (C2) = 0.027, P ′(C1) = 0.053 and
P ′(C1) = 0.006. Observe that P (C1)2

P ′(C1) + P (C2)2

P ′(C2) = 1.03. Therefore, from Lemma 3.2
we again conclude that the resultant estimator has infinite variance.
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Fig. 1. The darkened region shows some parameters for which Assumption 3.1 holds under the
P&W change of measure and hence the IS estimator has infinite variance. Note that there may
be other parameters on the graph where the variance is infinite. The entire shaded region denotes
the parameters for which the network is stable.

In Figure 1 we plot the range of parameters where, for the cycles described in
Example 3.4, P (C1)2

P ′(C1) + P (C2)2

P ′(C2) ≥ 1. We fix the values of the transition probabilities
and the service rate of queue 2 and then vary the values of ν1, ν2, and µ1 in such
a way that their sum remains constant and the resulting network is still stable.
The darkened region in the figure indicates the values of µ1 and ν1 for which the
importance sampling estimator has infinite variance, while the entire shaded
region displayed in the figure represents the set of values of µ1 and ν1 for which
the network is stable.

4. THE COMBINED TDIS METHOD

In Section 4.1, we develop the TDIS method for estimating expected total re-
ward from each state till absorption by combining the temporal difference meth-
ods with importance sampling. A potential drawback of this method may be
that, even in the scenario where all the one-step rewards are nonnegative,
the combined method may lead to negative estimates of expected total reward
till absorption (this is demonstrated later in the section). To remedy this, in
Section 4.2 we propose an Improved TDIS method (referred to as ITDIS) so
that the estimators of the expectations are always nonnegative. Finally, in
Section 4.3, we state our main theorem that gives sufficient conditions under
which the proposed methods converge to the correct values.

4.1 The TDIS Method

The TDIS method relies on the following lemma:
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LEMMA 4.1. For each x ∈ I,

Ēx

[
τ−1∑
m=0

λm DmL(X 0, . . . , X m+1)

]
= 0.

PROOF. First note that Ēx(DmL(X 0, . . . , X m+1)) = 0. Thus, we simply need
to justify the interchange of the summation and the expectation term in

Ēx

[ ∞∑
m=0

λm DmL(X 0, . . . , X m+1)I (m < τ )

]
. (11)

Note that the rv under the expectation operator in phrase (11) is upper bounded
by

∞∑
m=0

λm|Dm|L(X 0, . . . , X m+1)I (m < τ ).

Thus, the interchange of the summation and the expectation in phrase (11) is
justified if

Ēx

[ ∞∑
m=0

λm|Dm|L(X 0, . . . , X m+1)I (m < τ )

]
< ∞. (12)

This follows since, due to the nonnegativity of the terms involved, the left-hand
side in Equation (12) equals:

∞∑
m=0

Ēx[λm|Dm|L(X 0, . . . , X m+1)I (m < τ )] =
∞∑

m=0

Ex[λm|Dm|I (m < τ )] (13)

(due to Fubini’s theorem; see Billingsley [1995]).
This is finite for λ < 1 as each |Dm| is uniformly bounded by a constant (due

to the finite state space). For λ = 1, this follows by also noting that Exτ < ∞.

Lemma 4.1 suggests the following TDIS algorithm for estimating (J (x) : x ∈
I) (again let Ft denote the information corresponding to all the rv generated
before initiation of iteration t):

(1) Select initial estimates (J0(x) : x ∈ I) arbitrarily. Set t = 0.
(2) At any iteration t, select X 0,t using any distribution µ guaranteed by As-

sumption 2.1 and using simulation under P′, generate rv (X 1,t , . . . , X τt ,t) of
the Markov chain till absorption.

(3) For each state x visited for the first time at transition n of the generated rv,
update the value function as follows:

Jt+1(x) = Jt(x) + γt(x)
τt−1∑
m=n

λm−nDm,tLn,m,t , (14)

where Dm,t has the same interpretation as in the TD algorithm and Ln,m,t
equals

L(X n,t , . . . , X m+1,t).

For all states x not visited in iteration t, set Jt+1(x) = Jt(x).
(4) Set t = t + 1 and repeat step 2.
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The convergence result for this algorithm is discussed later in Section 4.3.
However, a potential drawback of this approach is that it may give negative
estimates even if all the transition rewards are nonnegative. To see this clearly
consider the following simple scenario: let x ∈ I and y ∈ A be two states such
that pxy > 0. Let Jt(x) denote the estimate of the value function at state x after
iteration t − 1. Suppose that it is nonnegative. Also suppose that g (x, y) = 0.
Now consider the case where a sample path generated at iteration t ends at y
through x, that is, the last transition on the sample path is from x to y . Further
suppose that the generated path visited x only once. Let Lxy = pxy/p′

xy. Hence,
the update at state x is

Jt+1(x) = Jt(x) + γt(x)(g (x, y) + Jt( y) − Jt(x)) ∗ Lxy

= (1 − γt(x)Lxy)Jt(x).

(since Jt( y) = 0 for all t). Hence, if γt(x)Lxy > 1, the estimate is negative.
To circumvent this problem, we combine the TD method with importance

sampling in a slightly different manner using the Improved TDIS algorithm.

4.2 Improved TDIS Algorithm

Let Um = g (X m, X m+1)+(1−λ)J (X m+1). From phrase (3) it follows that J (x) =
Ex[

∑τ−1
m=0 λmUm]. Arguing as in Lemma 4.1, it can be seen that

J (x) = Ēx

[
τ−1∑
m=0

λmUmL(X 0, . . . , X m+1)

]
.

The ITDIS algorithm relies on this observation and differs from the TDIS
algorithm only in that the update at step 3 is governed by

Jt+1(x) = (1 − γt(x))Jt(x) + γt(x)

(
τt−1∑
m=n

λm−nUm,tLn,m,t

)
, (15)

where Um,t equals g (X m,t , X m+1,t) + (1 − λ)Jt(X m+1,t).
Note that if one-step rewards are nonnegative, γt(·) ≤ 1 for all t, and

(J0(x) : x ∈ I) are assigned nonnegative values then the estimators remain
nonnegative at each iteration of the ITDIS algorithm. This suggests that the
ITDIS algorithm may perform better than the TDIS algorithm in practice. Our
experiments in Section 5 corroborate this suggestion.

4.3 Convergence of TDIS and ITDIS Algorithms

In the proof for convergence we restrict our analysis to all λ ≤ 1 that satisfy
the following relation:

I (m < τ )λm ∗ L(X 0, . . . , X m+1) ≤ C almost surely (16)

for all m and for X 0 ∈ I.
Note that for any P′ such that P is absolutely continuous with respect to P′,

we can find a positive λ that satisfies relation (16). To see this, recall that α =
maxx∈I, y∈S

pxy

p′
xy

. Then, I (m < τ )L(X 0, . . . , X m+1) ≤ αm+1. If we choose λ ≤ 1/α,
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relation (16) is satisfied. Note that λ = 0 always works! However, as discussed
earlier, it has been empirically observed that a small value of λ typically leads
to a higher bias compared to values nearer to the “best” value. Fortunately, a
higher value of λ may also satisfy relation (16). To see this additional notation
is needed.

For any cycle C such that P ′(C) > 0, let L(C) equal the ratio P (C)/P ′(C). A
cycle C = (x0, . . . , xn) is referred to as a simple cycle if it does not include other
cycles in it, that is, if x0, x1, . . . , xn−1 are all distinct states and x0 = xn. Let n(C)
denote the number of transition pairs in a cycle C. Thus, for C = (x0, . . . , xn),
n(C) = n. Let C1, C2, . . . , Cm denote the total number of distinct simple cycles in
I. Due to finite state space, m is finite. Let β = maxi≤m L(Ci)

1
n(Ci ) .

LEMMA 4.2. For

λ ≤ 1
β

,

relation (16) holds.

PROOF. Consider any probable path (x0, x1, . . . , xm, xm+1) of the Markov
chain where xi ∈ I for i ≤ m. Clearly, due to the Markov property, we may
write the probability of this path (both under P and P′) as the product of the
probability of the direct path and the probability of the cycles along the path.
In particular, the likelihood ratio of the path may be written as the product of
the likelihood ratio of the direct path and the likelihood of the cycles along the
path.

Note that due to the finite state space, the number of distinct direct paths of
any length in the state space is finite. Let γ denote the maximum value of the
likelihood ratio along all probable direct paths. Also note that the likelihood
ratio of any simple cycle of length n is upper bounded by βn. It is easy to see
that the likelihood ratio of any cycle may be written as the product of likelihood
ratio of the simple cycles comprising it. Hence if the number of transitions in
the cycle are n then again its likelihood ratio is upper bounded by βn. From
this it is easy to see that L(X 0, X 1, . . . , X m+1) ≤ γβm+1. The result follows by
letting C = γ ∗ β.

Note that the efficient computation of β for important Markov chains such as
Jackson networks is an interesting issue that needs further analysis. However,
this is beyond the scope of this paper. Now we state our main result:

THEOREM 4.3. For the Markov chain (X n : n ≥ 0), when Assumption (2.1)
holds and λ satisfies relation (16), the sequence (Jt(·) : t ≥ 0) under both the TDIS
and the ITDIS algorithms converge to J (·) with probability 1. In addition, the
mean square error under these algorithms converges to zero.

The proof of Theorem 4.3 is given in the Appendix. It involves repre-
senting the proposed algorithms in Robbins-Monro stochastic approximation
framework and then proving that the convergence conditions are satisfied. We
also extensively use the results used in the proof of off-line temporal difference
method given in Bertsekas and Tsitsiklis [1996]. In the Appendix, we briefly
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review the convergence conditions for the Robbins-Monro stochastic approxi-
mation scheme before proving our results. We also appropriately modify our
terminology to match that used by Bertsekas and Tsitsiklis [1996] to aid in
using their results.

5. SIMULATION RESULTS

In our simulations we focus on estimating POverflow, that is, the probabil-
ity that once a Jackson network becomes busy, the total network population
hits B before the network reempties. We conduct simulations on two exam-
ples, each a Jackson network with two queues and a single server at each
queue. The first corresponds to that described in Example 3.3 where the P&W
change of measure leads to infinite variance. The second corresponds to a
tandem queue where the P&W change of measure is proved to be asymp-
totically optimal in Glasserman and Kou [1995]. The second model is con-
sidered simply to demonstrate that the combined method may be expected
to work at least as well as the method where only importance sampling is
used (referred to as the IS method) under all conditions. The importance sam-
pling distribution used to simulate these networks corresponds to the P&W
change of measure. For the first example we run extensive simulations us-
ing the ITDIS method to empirically determine a good set of step-sizes and
the λ value. We also test the performance of the ITDIS method when the un-
derlying change of measure is obtained by perturbing the P&W change of
measure.

We compare different algorithms and each algorithm for different set of
parameters by comparing their estimated MSEs resulting from a fixed com-
putational budget. To estimate the MSE of a given method, we first numeri-
cally determine the exact value of the probability (using value iteration). Then
20 independent replications are generated from that method with each repli-
cation using one-twentieth of the fixed computational budget. The average
of the square errors resulting from each replication provides the estimated
MSE.

In both the examples, the initial state for each iteration in the TD, the TDIS,
and the ITDIS methods was taken to be (0, 0), that is, both queues empty. Initial
estimates (J0(x) : x ∈ I) were set to zero in these methods.

5.1 First Example

Consider Example 3.3 (described in Section 3.2) with B = 8. POverflow for B = 8
is numerically found to equal 3.37 × 10−6. To compare the ITDIS method to the
naive simulation method (referred to as the NS method) and other algorithms
we need to select λ and the step-sizes (γt(·) : t ≥ 1) for its implementation.

To select a good value of λ note that, in this network, the cycle C equal to
((0, 1), (0, 2), (0, 1)) has LC = PC/P ′

C = 13.63. Also, for this cycle n(C) = 2. It
can be shown by enumerating all simple cycles that β equals L

1
n(C)
C = 3.692.

Hence, Lemma 3 holds for λ ≤ 1
3.69 = 0.271 and the MSE corresponding to the

ITDIS and the TDIS methods converges to 0. Thus, to test different step-sizes
(γt(·) : t ≥ 1) we set λ = 0.27 (sensitivity to λ is studied later).
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Table I. Estimated MSE for ITDIS Algorithm for
Different Values of α and N at π = 0.2

N
1 10 50

0.6 1.01 × 10−13 1.54×10−14 5.17 × 10−14

0.7 5.43 × 10−13 9.13×10−15 1.28 × 10−14

α 0.8 2.54 × 10−12 1.90 × 10−14 7.57 × 10−15

0.9 8.26 × 10−12 1.13 × 10−13 6.09 × 10−15

1.0 1.10 × 10−11 5.61 × 10−13 6.09 × 10−15

Table II. Estimated MSE for ITDIS Algorithm for
Different Values of α and N at π = 0.5

N
1 10 50

0.6 8.71 × 10−15 6.40 × 10−14 6.67 × 10−14

0.7 3.11 × 10−14 2.91 × 10−14 5.29 × 10−14

α 0.8 2.84 × 10−13 5.61 × 10−15 3.77 × 10−14

0.9 1.97 × 10−12 1.13 × 10−14 1.13 × 10−14

1.0 7.06 × 10−12 1.70 × 10−14 1.02 × 10−14

Note that typically in a stochastic approximation framework step-sizes are
kept constant in the beginning and then are slowly reduced. This is because
initially the bias in the estimate is high and it reduces quickly if the step-sizes
are large. However, large step sizes imply large noise or variance in the estimate
so that once the bias has diminished the decreasing step-sizes help control the
variance (See, e.g., Kushner and Yin [1997]). With this in mind, in our search
for good step-sizes we restrict our attention to those of the form

γt(x) =
{

π if t(x) < N ,
π (N/t(x))α otherwise,

}
,

where, as before, t(x) denotes the number of iterations in the first t iterations
in which state x is visited, and π , N and α are constants whose values are
selected from experimentation (α is restricted to (0.5, 1] so that the conditions
of Theorem A.1 on step-sizes hold). These experiments are shown in Tables I,
II, and III. In each experiment the number of iterations (or transitions) per
replication was set to 4 × 106 (it can be seen that the estimates corresponding
to all the parameters considered are well within 1% of the true value in these
many iterations). It was observed that on increasing the value of N beyond 50
the performance became worse; hence we restricted our attention to N ≤ 50 in
these experiments. Observe that π = 0.5, N = 10 and α = 0.8 lead to the best
performance. These are chosen in the remaining experiments with the ITDIS
methods with Example 3.3.

Using the selected step-sizes we study the sensitivity of the algorithm to the
value of λ. Table IV shows the MSE estimates for different values of λ from 0 to
0.81 in increments of 0.09. We see that λ = 0.27 in fact performs the best among
the values of λ considered (though not reported, this observation was seen to
be true even for other sets of step-sizes). We also observe that the performance
deteriorates as λ gets closer to 1 or 0.
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Table III. Estimated MSE for ITDIS Algorithm for
Different Values of α and N at π = 0.9

N
1 10 50

0.6 2.57 × 10−14 5.11 × 10−14 1.76 × 10−13

0.7 9.19 × 10−15 3.87 × 10−14 2.37 × 10−13

α 0.8 3.23 × 10−14 2.21 × 10−14 1.57 × 10−13

0.9 3.80 × 10−13 9.93 × 10−15 2.06 × 10−14

1.0 2.13 × 10−12 8.30 × 10−15 2.56 × 10−14

Table IV. Estimated MSE for the ITDIS Algorithm for Different Values of λ

0 0.09 0.18 0.27 0.36 0.45 0.54 0.63 0.72 0.81
MSE (10−14) 1.71 0.73 0.62 0.56 0.92 1.41 1.93 2.26 3.48 4.38

As mentioned earlier, empirically it has been observed that the best value of
λ lies between 0 and 1. The value of λ that satisfies Lemma 4.2 in the examples
we consider is typically small. Noting these facts and the results of Table IV, we
use the highest value of λ that satisfies Lemma 4.2 in the remaining reported
experiments with the ITDIS and the TDIS methods (unless otherwise stated).

As noted in Section 4.3, finding such a λ for general Markov chains may
not be practical. In practice, one may choose to be conservative and select
λ = minx∈I, y∈S

p′
xy

pxy
, if this is feasible (in Example 3.3, this equals 0.04). Again,

λ = 0 guarantees that Theorem 4.3 holds, and as indicated in Table IV, empir-
ically it performs better than naive simulation on this example (for the same
computational effort, the MSE under naive simulation equaled 1.53×10−13; see
Figure 2). Thus, λ = 0 may be a reasonable choice in general Markov chain set-
tings. Developing theoretical foundations for selecting good (γt(·) : t ≥ 1), or in
our settings π , N , and α, is an important problem that needs further research.
Broadly speaking, π and/or N may be kept large when the bias of the initial
guess J0(·) is expected to be high. The parameter α may be kept high (close to 1)
if the generated samples (e.g.,

∑τt−1
m=n λm−nUm,tLn,m,t in (15)) are noisy, that is,

have large variance.

5.1.1 Comparison of Algorithms. We now compare the performance of the
ITDIS algorithm with the TDIS, the IS, the NS, and the TD algorithms by
estimating the MSE for each algorithm as a function of the computational bud-
get per replication (as mentioned earlier, 20 independent replications of each
method are conducted). Figure 2 plots the the estimated MSEs versus the com-
putation effort for these methods. Figure 3 plots the estimated MSEs versus
the computation effort for the ITDIS and the TDIS method on a magnified scale
to highlight the improved performance of the ITDIS method. A unit of time in
these figures corresponds roughly to 100,000 iterations of the ITDIS and the
TDIS methods, 125,000 samples of the IS method, 600,000 iterations of the TD
method, and 725,000 samples of the NS method. As with the ITDIS, the TDIS
method uses step-sizes corresponding to π = 0.5, N = 10, and α = 0.8 (though
not reported, experiments conducted with the TDIS method for different
step-sizes and λ showed that these parameters perform best for it as well).
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Fig. 2. Comparison of estimated MSE of ITDIS, TDIS, IS, TD, and NS methods. A unit of computa-
tional effort equals 3.75 seconds of computational time corresponding roughly to 100,000 iterations
of the ITDIS method.

Fig. 3. Comparison of estimated MSE of ITDIS and TDIS methods on a magnified scale. A unit of
computational effort equals 3.75 seconds of computational time corresponding roughly to 100,000
iterations of the ITDIS method.

Similarly, for the TD algorithm, we tried different values of step-size parame-
ters and λ and then chose the ones that were seen to perform the best. These
turned out to correspond to α = 1, π = 1, N = 1, and λ = 0.99. In Section A.3 in
the Appendix, we provide a heuristic justification for near optimality of these
“extreme” parameters in our settings.

Figure 2 and 3 indicate that the ITDIS method performs the best, followed
by the TDIS method. Recall from Section 4.1 that the ITDIS method always
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Fig. 4. A replication of ITDIS, IS, and NS methods. A unit of computational effort equals 3.75
seconds of computational time corresponding roughly to 100,000 iterations of the ITDIS method.

has nonnegative estimates while the TDIS method may even have negative
estimates. This suggests that the ITDIS method is less noisy and has better
convergence properties compared to the TDIS method, and this is reflected in
the observed data. The TD method performs slightly better than the NS method.
As expected, the MSE of the IS estimator behaves erratically (we discuss this
further in the next paragraph).

Figure 4 visually illustrates the performance of the ITDIS, the IS, and the
NS methods by plotting the estimate of the probability versus the computa-
tional effort for one replication of the algorithm (plots for the TDIS and the TD
methods are not shown to facilitate clear presentation of the other three meth-
ods). From the plot, it appears that the ITDIS method performs much better
than both the NS and the IS methods. Note that the plot of the IS estimator in
Figure 4 shows the characteristic underestimation and large corrective jumps
typical under many importance sampling schemes that have large variance
(this example has infinite variance). The rationale for this is straightforward.
Mostly the paths to the rare event that are assigned high probability under
the new probability measure are observed. The likelihood ratio is small in such
settings and hence the estimator typically underestimates when such samples
predominate. Rarely, a corrective path to the rare event that is less likely un-
der the new measure but more likely under the original measure is observed.
Here, the likelihood ratio can be quite large, causing a jump in the estimate
value (note that due to the law of large numbers even the IS estimator with in-
finite variance converges almost surely to the correct value). This also explains
the erratic behavior of the observed MSE under the IS method in Figure 2.
Recall that the theoretical MSE under the IS method is infinite. The estimated
MSE reflects this by blowing up after a long time period when the corrective
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samples appear. In a separate experiment, we ran 100 independent runs of the
IS method each for 10 million iterations (80 computational effort units) and
found that the estimated MSE further increased to about 2 × 10−12.

Also, note that initially the plot of the ITDIS method in Figure 4 underes-
timates the actual value. This is due to the initial bias introduced by setting
(J0(x) : x ∈ I ) equal to zero. In Figure 4, the NS method shows high variance
typical in rare event simulation. The fact that for large values of computational
effort the NS method estimator underestimates the actual value in Figure 4 is
a matter of chance. To see this heuristically, recall that a unit of computational
effort in the graph corresponds to 725,000 samples of the busy cycle generated
under the naive simulation. Thus, 30 units correspond to 2.175 × 107 samples.
Since the number of samples is orders of magnitude higher than the reciprocal
of the probability, it is reasonable to expect that the estimate is approximately
normally distributed. Its mean and standard deviation can be seen to equal
3.37 × 10−6 and 0.39 × 10−6, respectively. Also, note that the NS method es-
timator at 30 units of computational effort is approximately 3 × 10−6. Thus,
the observed value lies within 1 standard deviation of the actual value. The
observed value after 50 computational effort units (3.625×107 samples) equals
about 3.1 × 10−6; thus the remaining 20 computational effort units (1.45 × 107

samples), the observed average, equaled about 3.25×10−6. This, again, is not un-
usual as the mean and the standard deviation of this average are 3.37×10−6 and
0.48 × 10−6, respectively. Given that the behavior of the NS method estimator
at computational effort 30 and 50 is not unusual, the overall underestimation
observed in the generated path is not atypical.

5.1.2 Robustness of ITDIS Methods. Recall that under the P&W change of
measure, (ν ′

1, ν ′
2, µ′

1, µ′
2) = (0.67, 0.07, 0.13, 0.13) and the new transition prob-

abilities are (b′
11, b′

12, b′
1e) = (0, 0.26, 0.74), and (b′

21, b′
22, b′

2e) = (0.985, 0, 0.015).
We now experimentally study the sensitivity of the ITDIS method with respect
to the change of measure. In order to do so, we first vary the parameters ν ′

1,
ν ′

2, µ′
1, and µ′

2 in a neighborhood of the P&W change of measure; maintaining
their sum to be 1. Again, for each set of parameters chosen, we estimate the
MSE generated by the ITDIS method. Computational effort of each replication
is fixed at 150 seconds (this is the average time taken by the ITDIS method to
complete 4 × 106 iterations with the P&W change of measure; this also equals
40 computational effort units in Figures 2, 3, and 4). Table V shows the values
of the estimated MSEs. Observe that some of the changes of measures per-
form better than the P&W change of measure and all the changes of measures
considered perform better than both the IS and the NS methods.

To check the sensitivity of the results to the transition probabilities, we also
tested changes of measures whose transition probabilities differ from the P&W
change of measure while the remaining rates are unchanged. Table VI displays
the resultant performance. Again, note that the performance under the per-
turbed changes of measure is comparable to (though slightly worse than) that
of the P&W change of measure.

From Theorem 4.3 it follows that the ITDIS method converges to the correct
value for any change of measure if the λ is suitably selected. However, it does
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Table V. Estimated MSE. (Recall that ν′
1 = 1 − µ′

1 − µ′
2 − ν′

2.
Also recall that under the P&W change of measure,

(ν′
1, ν′

2, µ′
1, µ′

2) = (0.67, 0.07, 0.13, 0.13). In these experiments
α = 0.8, π = 0.5, and N = 10. In each experiment λ is

selected to be the highest value that satisfies Lemma 4.2)

µ′
2

µ′
1 ν′

2 0.10 0.13 0.16
0.10 0.04 8.36×10−14 8.27×10−14 6.89×10−14

0.07 3.49×10−14 1.97×10−14 2.52×10−14

0.10 1.33×10−14 1.28×10−14 1.36×10−14

0.13 0.04 3.34×10−14 3.02×10−14 4.41×10−14

0.07 1.21×10−14 5.61×10−15 1.17×10−14

0.10 5.14×10−15 5.73×10−15 5.32×10−15

0.16 0.04 1.61×10−14 1.18×10−14 2.38×10−14

0.07 4.17×10−15 4.42×10−15 5.77 ×10−15

0.10 2.35×10−15 3.30×10−15 2.98×10−15

Table VI. Estimated MSE, b′
11 = b′

22 = 0. (Recall that under
the P&W change of measure, (b′

11, b′
12, b′

1e) = (0, 0.26, 0.74),
and (b′

21, b′
22, b′

2e) = (0.985, 0, 0.015). In these experiments
α = 0.8, π = 0.5, and N = 10. In each experiment λ is

selected to be the highest value that satisfies Lemma 4.2)

(b′
12, b′

21)

(0.20, 0.90) (0.24, 0.985) (0.30, 0.90)
MSE (10−14) 0.78 0.56 1.01

not throw light on the rate of convergence. The above experiments show that at
least if the change of measure is close to the P&W change of measure we may
expect a faster rate of convergence compared to naive simulation.

5.2 Second Example

We consider two queues in tandem with parameters (ν1, ν2, µ1, µ2) equal
to (0.01, 0, 0.541, 0.449). The transition probabilities (b11, b12, b1e) = (0, 1, 0)
and (b21, b22, b2e) = (0, 0, 1). Under the P&W change of measure the rates
(ν ′

1, ν ′
2, µ′

1, µ′
2) = (0.449, 0, 0.541, 0.01) and the transition probabilities remain

unchanged, that is, (b′
11, b′

12, b′
1e) = (0, 1, 0) and (b′

21, b′
22, b′

2e) = (0, 0, 1). We
select B = 5. For these parameters, the P&W change of measure has been
proved to be asymptotically optimal in Glasserman and Kou [1995]. In this
case, POverflow was numerically found to equal 8.554 × 10−7. With P&W change
of measure, the ITDIS method was used with parameter λ = 0.82 (largest
value that satisfies Lemma 4.2) and the step-size parameters α = 0.95, π = 1,
N = 1 (these performed best among a range of step-sizes tested). Table VII
compares the estimated MSE of the estimate generated by the two methods.
Each time unit corresponds to 0.21 seconds, the average time for 1000 iter-
ations of the ITDIS method. Each iteration of the ITDIS method took on an
average approximately 50% more time than the average time taken to gener-
ate a sample using the IS method. From the table we see that the ITDIS method
performs marginally better than the IS method. This suggests that under all
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Table VII. Comparison of the MSEs of ITDIS and IS Methods

1 5 10 25 40
ITDIS 3.71 × 10−16 8.00 ×10−17 2.84 × 10−17 1.18 × 10−17 4.75 × 10−18

IS 3.78×10−16 6.78×10−17 3.23×10−17 1.35×10−17 6.79×10−18

sets of parameters the ITDIS method with suitably selected parameters may
be expected to perform well.

The method of multiple independent replications that we used here to esti-
mate MSEs can be used to construct confidence intervals and provide a stopping
rule (e.g., stop when the 95% confidence interval is within 2% of the point es-
timate). However, it is wasteful as each replication may have a large initial
bias (as indicated by Figure 2). Also, it is cumbersome when implementing a
stopping rule as information from each of the replications needs to be stored.
Alternatively, a single run and the method of batch means can be used to con-
struct confidence intervals and effectively implement a stopping rule (see, e.g.,
Bratley et al. [1987] for a discussion on the method of multiple independent
replications and the method of batch means). Also refer to Hseih and Glynn
[2002] for another simple procedure to construct confidence intervals in the
stochastic approximation setting.

6. POTENTIAL DRAWBACKS AND OPPORTUNITIES

In this paper we developed the combined temporal difference and importance
sampling techniques in a finite state Markov chain framework and showed
conditions under which the combined techniques converge to the correct value.
A potential drawback of our approach is that we need to store the estimated
value function for each state generated by the simulation. Note that storing
these values is useful if the Markov chain under consideration results from a
policy evaluation step in solving an MDP as these estimates can be used to come
up with an improved policy. However, this storage requirement can be large if
the state space of the Markov chain is huge (over hundreds of thousands of
states) and if the paths generated via simulation visit a significant proportion
of these states.

Also note that for some Markov chains it may be difficult to represent the
states in a convenient manner so that the estimated value function may be
stored for each state. For example, consider a single Markovian queue where
multiple m classes of customers arrive. Here, for a given n number of customers,
there are mn states corresponding to different ordering of customers. The situ-
ation becomes much more complex if we consider a network of such queues. A
convenient representation of states in Markov chains with such complex state
descriptions becomes a problem. Thus, implementing numerical techniques and
temporal difference-based simulation algorithms that require storing a value
corresponding to each state may be difficult in such settings.

On the positive side, in the existing literature, temporal difference-based
functional approximation techniques have been developed to approximately
solve for performance measures related to Markov chains and Markov de-
cision processes involving huge state spaces. These involve clever compact
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representations of state space to reduce the storage requirements, although
at the cost of some accuracy (see, e.g., Bertsekas and Tsitsiklis [1996]). We
hope that this paper motivates further work to explore combining importance
sampling with temporal difference methods using functional approximations
to solve Markov chains and Markov decision processes involving huge state
spaces.

APPENDIX

We first briefly review the Robbins-Monro stochastic approximation (SA) frame-
work and state sufficient conditions under which the iterates from the algo-
rithm are guaranteed to converge almost surely and their mean square error
converges to zero. These are useful in proving Theorem 4.3.

A.1 Stochastic Approximation Framework

The stochastic approximation methods often involve solving for J ∈ Rn that
satisfies a set of “fixed-point” equations J = HJ where H is a mapping from
Rn to itself (see, e.g., Kushner and Yin [1997]). In many situations, for a given
J̃ ∈ Rn, it may be difficult to evaluate HJ̃ while a noisy sample HJ̃ +W may be
readily available, where W is an n-dimensional random vector with zero mean.
In such situations, to evaluate the fixed point, the algorithm proceeds in an
iterative manner. The first iterate J0 may be arbitrarily selected. If Jt denotes
the iterate at time t then the update proceeds as follows:

Jt+1 = (1 − γt)Jt + γt(HJt + Wt), (17)

where (γt ∈ �n : t ≥ 0) is a sequence of appropriately chosen nonnegative
step-sizes. The vectors in the sequence (Wt ∈ �n : t ≥ 0) are uncorrelated zero
mean random noise terms. As in Bertsekas and Tsitsiklis [1996], we focus on
the following more general version of the above update method:

Jt+1 = (1 − γt)Jt + γt(Ht Jt + Wt), (18)

where each Ht may be stochastic (it may depend upon the history of the al-
gorithm up till time t) and is assumed to belong to a family of mappings H
with some desirable properties. Later in this section we show the explicit forms
of Ht and Wt that allow representing the TDIS and the ITDIS algorithms as
Equation (18).

Theorem A.1 states the sufficient conditions under which the above men-
tioned SA algorithm converges. The reader may refer, for example, to Bertsekas
and Tsitsiklis [1996] and Borkar and Meyn [2000] for two distinct proofs of
this theorem. Some notation is needed to help in its statement. Let Ft rep-
resent the history of the algorithm, that is, Ft = (J0, J1, . . . , Jt , γ1, γ2, . . . ,
γt , W1, W2, . . . Wt−1). For a vector x = (x1, . . . , xn) ∈ �n, the weighted maximum
norm ‖x‖ξ is defined as follows:

‖x‖ξ = max
i≤n

|xi|
ξi

, (19)

where ξ = (ξ1, . . . , ξn) is a vector in �n with positive components.
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THEOREM A.1. The sequence of random vectors (Jt : t ≥ 1) converges to J
with probability 1 under the following conditions:

(1) For all x,
∑∞

t=0 γt(x) = ∞, and
∑∞

t=0 γ 2
t (x) < ∞. In case (γt : t ≥ 0) is a

random sequence, these relations hold with probability 1.
(2) For every x and t: E[Wt(x)|Ft] = 0.
(3) For some norm ‖ · ‖ on Rn there exist constants A and B such that

E
[
W 2

t (x)|Ft
] ≤ A + B‖Jt‖2.

(4) There exists a vector J, a positive vector ξ , and a scalar β ∈ [0, 1), such that
‖Ht J̃ − J‖ξ ≤ β‖ J̃ − J‖ξ for all J̃ ∈ �n.

Note that when Jt converges to J almost surely, it follows that (Jt − J )2

converges to zero almost surely. Then, if for any p > 2,

sup
t

E[|Jt − J |p] < ∞, (20)

it follows that the sequence ((Jt − J )2 : t ≥ 0) is uniformly integrable and the
MSE E[(Jt − J )2] converges to zero (see, e.g., Billingsley [1995]). The following
lemma states the condition under which relation (20) holds. Its proof is essen-
tially identical to the proof given in Borkar and Meyn [2000] when the two norm
is replaced by the p ≥ 2 norm and the constant step-size analysis is replaced
by the decreasing step-size analysis. To avoid tedious repetition, the proof is
omitted.

LEMMA A.2. If, along with conditions 1, 2 and 4 in Theorem A.1, condition 3
is further strengthened so that there exist constants A and B and p > 2 such
that for all x,

E
[
W p

t (x)|Ft
] ≤ A + B‖Jt‖p,

then relation (20) holds.

A.2 Proof of Theorem 4.3

As in Bertsekas and Tsitsiklis [1996], we first show that the update steps in
both the TDIS and the ITDIS methods may be reexpressed in the form (18).
We then note that the resulting Ht(·) is unchanged by the use of importance
sampling and hence the proof given in Bertsekas and Tsitsiklis [1996] for step 4
of Theorem A.1 (the key step), where importance sampling is not used, holds for
our case as well (the same is also true for step 1 of Theorem A.1). The remaining
steps 2 and 3 of Theorem A.1 and Lemma A.2 are easily seen to be true in our
setting.

We need to introduce new terminology to make our notation compatible with
the notation used in Bertsekas and Tsitsiklis [1996] to facilitate using their
results.

In the TDIS and the ITDIS algorithm, consider a generated sample path at
iteration t. Suppose that X n,t = x for n < τ and that this is the first time the
sample path visits state x. Let Zm,t(x) = 0 for m < n and Zn,t(x) = 1. For m > n,
let Zm,t(x) = λZm−1,t(x) = λm−n. Similarly, define Lm,t(x) = 1 for m < n. Let
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Lm,t(x) = L(X n,t , . . . , X m+1,t) for m ≥ n. Then Equation (14) may be rewritten
as

Jt+1(x) = Jt(x) + γt(x)
τt−1∑
m=0

Zm,t(x)Dm,tLm,t(x). (21)

Similarly, Equation (15) may be reexpressed as

Jt+1(x) = (1 − γt(x))Jt(x) + γt(x)

(
τt−1∑
m=0

Zm,t(x)Um,tLm,t(x)

)
. (22)

The Zm,t(x) are referred to as eligibility coefficients in the TD literature. The
technique that we have used to assign values to each Zm,t(x) is referred to as the
First TD method. Refer, for example, to Singh and Sutton [1996] and Singh and
Dayan [1998] for other successful ways of assigning values to the eligibility
coefficients. Our analysis easily extends to the more general TD methods. A
key requirement is that the eligibility coefficients should decrease at least at a
geometric rate so that a relation corresponding to relation (16) holds.

First consider the TDIS method. For notational convenience, we suppress
the subscript X 0,t from the operators E and Ē in the following discussion. Let
δt(x) denote the probability of hitting state x in iteration t under the original
probability measure.

Then, the update equation (21) may be reexpressed as

Jt+1(x) = Jt(x)(1 − γt(x)δt(x)) + γt(x)δt(x)

×
(

Ē
[ ∑τt−1

m=0 Zm,t(x)Lm,t(x)Dm,t |Ft
]

δt(x)
+ Jt(x)

)
+ γt(x)δt(x)

×
(∑τt−1

m=0 Zm,t(x)Lm,t(x)Dm,t − Ē
[ ∑τt−1

m=0 Zm,t(x)Lm,t(x)Dm,t |Ft
]

δt(x)

)
.

Define mapping Ht : �n �→ �n by letting for any vector J ∈ �n

(Ht J )(x)

= Ē
[ ∑τt−1

m=0 Zm,t(x)Lm,t(x)(g (X m,t , X m+1,t) + J (X m+1,t) − J (X m,t))|Ft
]

δt(x)
+ J (x). (23)

Note that

(Ht Jt)(x) = Ē
[ ∑τt−1

m=0 Zm,t(x)Lm,t(x)Dm,t |Ft
]

δt(x)
+ Jt(x). (24)

By repeating the arguments used in the proof of Lemma 4.1, it follows that

(Ht Jt)(x) = E
[ ∑τt−1

m=k Zm,t(x)Dm,t |Ft
]

δt(x)
+ Jt(x).

This, as mentioned earlier, is identical to the mapping used in Bertsekas and
Tsitsiklis [1996]. Further note that the update step in the TDIS algorithm may
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be reexpressed as

Jt+1(x) = (1 − γ̂ t(x))Jt(x) + γ̂ t(x)((Ht Jt)(x) + Wt(x)), (25)

where

γ̂ t(x) = γt(x)δt(x) (26)

(this satisfies step 1 in Theorem A.1 as δt(x) is a positive constant independent
of t) and

Wt(x) =
∑τt−1

m=0 Zm,t(x)Lm,t(x)Dm,t − Ē
[ ∑τt−1

m=0 Zm,t(x)Lm,t(x)Dm,t |Ft
]

δt(x)
. (27)

Clearly step 2 of Theorem A.1 holds. We later show that step 3 and the condition
for Lemma A.2 also hold.

We now focus on the ITDIS method. In this case, we may reexpress Equa-
tion (22) as

Jt+1(x)

= Jt(x)(1 − γ̂t(x)) + γ̂t(x)

[
Ē

[ ∑τt−1
m=0 Zm,t(x)Lm,t(x)Um,t |Ft

] − Jt(x)
δt(x)

+ Jt(x)

]

+ γ̂t(x)

[∑τt−1
m=0 Zm,t(x)Lm,t(x)Um,t − Ē

[ ∑τt−1
m=0 Zm,t(x)Lm,t(x)Um,t |Ft

]
δt(x)

]
.

Note that Ē[
∑τt−1

m=0 Zm,t(x)Lm,t(x)Um,t |Ft] equals E[
∑τt−1

m=0 Zm,t(x)Um,t |Ft]. In
the TD method, by substituting for Um,t and Dm,t it is easily seen that
E[

∑τt−1
m=0 Zm,t(x)Um,t |Ft] − Jt(x) equals E[

∑τt−1
m=0 Zm,t(x)Dm,t |Ft].

Therefore, the update step in ITDIS algorithm may be reexpressed as

Jt+1(x) = (1 − γ̂ t(x))Jt(x) + γ̂ t(x)((Ht Jt)(x) + W̄ t(x)), (28)

with Ht a mapping identical to that in the TDIS method and where

W̄ t(x) =
[∑τt−1

m=0 Zm,t(x)Lm,t(x)Um,t − Ē
[ ∑τt−1

m=0 Zm,t(x)Lm,t(x)Um,t |Ft
]

δt(x)

]
.

Again, step 2 of Theorem A.1 is easily seen to be true. If we show that there
exist constants A and B such that, for all x ∈ I,

E(Wt(x)p|Ft) ≤ A + B‖Jt‖p (29)

and

E(W̄ t(x)p|Ft) ≤ A + B‖Jt‖p (30)

for all p ≥ 2, then the proof of Theorem A.1 is complete. We show relation (29).
Relation (30) can be similarly shown.

To prove relation (29), we focus on the numerator of Wt(x) as the term δt(·)
is a deterministic term lower bounded by a positive constant for all x ∈ I and
t. Using the triangle inequality, observe that

Ē

[∥∥∥∥∥
τt−1∑
m=0

Zm,t(x)Lm,t(x)Dm,t − Ē

[
τt−1∑
m=0

Zm,t(x)Lm,t(x)Dm,t |Ft

]∥∥∥∥∥
p

|Ft

]

ACM Transactions on Modeling and Computer Simulation, Vol. 14, No. 1, January 2004.



28 • R. S. Randhawa and S. Juneja

is less than or equal to

Ē

[(∥∥∥∥∥
τt−1∑
m=0

Zm,t(x)Lm,t(x)Dm,t

∥∥∥∥∥+
∥∥∥∥∥ Ē

[
τt−1∑
m=0

Zm,t(x)Lm,t(x)Dm,t |Ft

]∥∥∥∥∥
)p

|Ft

]
.

(31)

Let G be an upper bound for |g (x, y)|. Then Dm,t ≤ 2 ‖Jt‖ + G. Note that
from relation (16) it follows that Zm,t(x)Lm,t(x) ≤ C for all x. Thus,

τt−1∑
m=0

Zm,t(x)Lm,t(x) ≤ Cτt , (32)

and phrase (31) may be upper bounded by

Ē[(Cτt(2‖Jt‖ + G) + CĒ(τt)(2‖Jt‖ + G))p|Ft].

In this equation using the fact that τt has finite moments of all orders and
the fact that, for any nonnegative constants a and b,

(a + b)p ≤ 2p(ap + bp),

the desired result follows.

A.3 Justification of Near Optimal Step-Sizes for TD Algorithm

It is reasonable to assume that the optimal step-sizes for λ = 1 are nearly equal
to the optimal step-sizes for λ = 0.99. We now argue that α = 1, π = 1, N = 1
are indeed near optimal for λ = 1. For λ = 1, Equation (5) reduces to

Jt+1(x) = (1 − γt(x))Jt(x) + γt(x)
τt−1∑
m=n

g (X m,t , X m+1,t),

where X n,t = x. Let (Ki : i ≥ 1) denote the i.i.d. samples of
∑τt−1

m=0 g (X m, X m+1)
with X 0 = x. Recall that t(x) denotes the number of visits to state x till time t.
Let (γi(x) : i ≤ t(x)) denote the associated step-sizes. Then, supposing that at
time t state x is visited, Jt+1(x) has the same distribution as

γ1(x)

(
t(x)∏
i=2

(1 − γi(x))

)
K1 + γ2(x)

(
t(x)∏
i=3

(1 − γi(x))

)
K2 + · · · + γt(x)(x)Kt(x). (33)

Note that the sum of the coefficients of (Ki : i ≤ t(x)) equals

1 −
(

t(x)∏
i=1

(1 − γi(x))

)
,

which can be seen to be very close to 1 for large t(x) for the step-sizes that we
consider. It is easy to see that among all (ai : i ≤ n) such that

∑
i≤n ai = 1,

the variance of
∑

i≤n ai Ki is minimized at ai = 1/n for all n. This suggests that
near minimum variance is achieved for (33) when γt(x)(x) = 1/t(x). This thus
justifies the near optimality of α = 1, π = 1, N = 1 when λ = 0.99.
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Now we further heuristically argue that, in our rare event settings, it is
reasonable to expect λ close to 1 to perform better than λ significantly less than
1 when all (J0(x) : x ∈ I ) are initialized to zero. As an extreme case, consider
λ = 1 and λ = 0. Note that rarely a sample path generated from the initial state
(0, 0) hits the common buffer B before returning to state (0, 0). Once it does, the
estimate of the value function of its immediate neighbor along the generated
path (say (1, 0)) increases from zero to a positive value when λ = 1, while for
λ = 0, it remains zero until many such paths to the rare event occur so that on a
generated path the state that is visited after the state (1, 0) (say x) has a positive
estimate of the value function (this would happen if, on a previously generated
path to the rare event that included x, the state visited after x had a positive
estimate of the value function, and so on). This heuristically suggests that in
our settings as events become rarer due to increase in B, the bias vanishes
faster for TD(λ) for λ close to 1 and hence better performance may be expected
for such λ’s.

A.4 Parekh and Walrand Change of Measure

Extend the notation from Section 3.2 for two-queue Jackson network to a
Jackson network with d queues (with single server at each queue). We as-
sume that the network is stable, that is, γi < µi for all i. We further assume
without loss of generality that queue 1 has the largest load, that is, ρ1 > ρi for
i > 1, where ρi = γi/µi. For each i, let ri denote the the expected number of
visits to queue 1 by a customer entering the network at queue i. Denote the
P&W change of measure by appending a prime (“ ′ ”) to the original notation.
The following equation, derived by Frater et al. [1991], determines this change
of measure:

γ ′
i = γi

[
1 + ri(µ1 − γ1)

r1γ1

]
.

This implies that γ ′
1 = µ1. Also, ν ′

i = νi
γ ′

i
γi

,

µ′
1 = γ1 + (r1 − 1)(µ1 − γ1)

r1
,

and for all i > 1, µ′
i = µi. The new transition probabilities are given as b′

ie =
bie

γi
min(γ ′

i ,µ′
i )

, for all i, and b′
ij = bij

γi
min(γ ′

i ,µ′
i )

γ ′
j

γ j
for all i and j .
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